This study proposes a two-part model that includes components for reading accuracy and reading speed. The speed component is a log-normal factor model, for which speed data are measured by reading time for each sentence being assessed. The accuracy component is a binomial-count factor model, where the accuracy data are measured by the number of correctly read words in each sentence. Both underlying latent components are assumed to be Gaussian in nature. In this paper, the theoretical properties of the proposed model are developed and an Monte Carlo EM algorithm for model fitting is outlined. The predictive power of the model is illustrated in a real data application.
Introduction
As part of screening assessments of reading ability in schools, oral reading fluency (ORF) is frequently assessed to identify students at-risk for poor learning outcomes in order to help guide and inform instructional decision-making for such students (e.g., Fuchs, 2004) . In traditional ORF test administration, a student is given one minute to read as many words as possible in a grade-level text of approximately 250 words. During the test administration, a trained assessor follows along and indicates on a scoring protocol each word the student reads incorrectly. After one minute, the total number of words correctly read is obtained. If the student finishes reading the entire passage within one minute, the time took to read the passage is also obtained. Then, they are transformed into a reporting score, namely, the number of words correctly read per minute (wcpm).
Despite prevalent use and practical application of ORF measures, the current standard assessment of ORF has considerable psychometric limitations which potentially make ORF measures less reliable and valid. This paper is part of an effort to develop and establish a new ORF assessment system. The new ORF assessment system incorporates centralized scoring based on recorded reading both by human assessor and speech recognition engine. As a consequence, the assessment system collects accuracy and time data at the word, sentence and passage levels. Availabilities of word and sentence level data enables one to estimate reading speed beyond the traditional wcpm scores. Thus, this study proposes and evaluates a psychometric model to estimate reading speed by a latent variable model that incorporates speed and accuracy jointly.
The proposed model is a modification of a speed-accuracy model proposed by van der Linden (2007) . van der Linden's model is a two-part model for speed and accuracy when taking a test. The speed component is a log-normal factor model, for which speed data are measured by time taken (such as second) to respond to each item being assessed. The accuracy component is a 3-parameter logistic (3-PL) item response theory model, for which accuracy data are measured by correct-incorrect item responses. In the present study, the speed part of the model also follows a log-normal factor model as formulated by van der Linden, and the speed data are measured by the time it took to read each sentence. On the other hand, this study utilizes a a two-component normal ogive binomial-count factor model, where the accuracy data are measured by the number of correctly read words in each sentence.
The approach to model fitting here is explicitly frequentist in nature, while the model proposed by van der Linden (2007) was fit in a hierarchical Bayes framework. Hierarchical Bayes is a common approach with these type of latent variable models -see for example Fox et al. (2007) , Entink et al. (2009) and van der Linden et al. (2010) . In this paper, we propose an EM algorithm for fitting the model to avoid the computational complexity associated with direct maximization of the likelihood function. The EM algorithm was first proposed by Dempster, Laird & Rubin (1977) for performing maximum likelihood estimation in the presence of missing data; see also the recent monograph by McLachlan & Krishnan (2007) and the references therein. The modeling approach adopted in this paper makes use of a variation of the EM algorithm known as the Monte Carlo EM (MCEM) algorithm, details of which can be found in Wei & Tanner (1990) .
The outline of the paper is as follows. In Section 2, the proposed model is outlined and some of its theoretical properties are discussed. Section 3 discussed two approaches to parameter estimation, a method of moments approach and maximum likelihood estimation via the MCEM algorithm. Section 4 presents simulation results comparing the two proposed methods. Finally, an analysis of a real dataset is presented in Section 5. This analysis includes an investigation of the out-of-sample predictive ability of the proposed model. After concluding remarks in Section 6, the derivation of some technical results and the sampling algorithm used for implementation of the MCEM method are outlined in an appendix.
Oral Reading Fluency Model
So far, we have described the context of the model assuming that the unit of analysis was a sentence. However, the unit can be a word, a sentence or a paragraph. Therefore, the generic term item will be used hereafter to refer to the unit of analysis. Let N = (N 1 , . . . , N I ) denote the vector of total words per item where items are indexed i = 1, . . . , I. For the j th individual, j = 1, . . . , n, let Y j = (Y 1j , . . . , Y Ij ) denote the response vector containing number of words read correctly for each of the I items, and let T j = (T 1j , . . . , T Ij ) denote the response vector of reading times for each of the I items. Furthermore, let ξ j = (θ j , τ j ) denote the pair of latent variables with θ j the reading accuracy factor and τ j the reading speed factor. In the model, it is assumed that, conditional on ability, words correct per item follows a Binomial distribution,
where f denotes the binomial mass function with item size N i and success probability p i (θ j ) = Φ (a i (θ j − b i )). Here a i ∈ R + and b i ∈ R are interpreted as the discrimination and difficulty of the i th item's differentiation of reading accuracy, respectively, and Φ (·) denotes the standard normal cumulative distribution function. Conditional on latent speed, a log-normal model is specified for response time, so that
where t ij denotes the natural logarithm of the time it takes individual j to read item i.
Here α i ∈ R + and β i ∈ R are interpreted as the discrimination and intensity parameters of the i th item's differentiation of reading speed. Here, φ (·) denotes the standard normal density function. Combining (1) and (2), the joint distribution of response vector (Y j , logT j ) conditional on ξ j is given by
where y j = (y 1j , . . . , y Ij ) and t j = (t 1j , . . . , t Ij ) denotes the observed counts and logarithmic times for the j th individual. Note that for a given item, the words correct count and reading time are conditionally independent given latent vector ξ j . It is assumed that this latent vector ξ j follows a bivariate normal distribution with mean vector µ ξ = (µ θ , µ τ ) and covariance matrix
For model identifiability, it is necessary to impose constraints on these parameters and therefore it is assumed that µ θ = µ τ = 0 and that σ 
. This could certainly be incorporated into the model and would result in a nonlinear random effects model. However, the model developed here does not assume items are randomly drawn from some population of items. Rather, the model is developed conditional on the collection of I items used in assessing reading accuracy and speed.
The unconditional distribution of response vector (Y j , logT j ) is given by
where the integral is taken over the real plane ξ = (θ, τ ) ∈ R 2 and where φ 2 (·; µ, Σ) denotes the bivariate normal density with mean µ and covariance Σ.
It is not uncommon for datasets to contain missing values, as an individual may not read all items in the alloted time. Recording errors can also result in missing values. It is assumed that, for the j th individual and i th item, either both or neither the count y ij and log-time t ij are observed. When missing, the pair of measurements is assumed to be missing completely at random. Let S j ⊆ {1, 2, . . . , I} denote the set of items for which count and time variables were observed for the j th individual. The joint distribution which takes missing values into account can be written as
The integral form of this joint distribution makes direct maximization of the likelihood function an untenable proposition. This, in part, speaks to the popularity of Bayesian methods in estimating complex latent factor models that are nonlinear in nature. One of the contributions the present paper makes to the literature is the development of an EM algorithm for maximizing a likelihood function based on (3). The EM algorithm, as well as a method of moments approach to parameter estimation, is discussed in the next section.
Parameter Estimation

Method of Moments
In this subsection, a method of moments (MOM) method is proposed for estimating the parameter vectors {(a i , b i , α i , β i )} i=1,...,I as well as the parameters σ where Φ 2 (·, ·|ρ) denotes the bivariate normal cumulative distribution function with zero means, unit variances and correlation coefficient ρ. The model can accommodate both overand under-dispersed count data, as the unconditional variance of Y ij can be either larger or smaller than the mean for appropriate choices of parameter values a i and b i .
Next, consider the logarithm of reading time per item, logT ij . Using standard properties of the normal distribution, it follows that
Var (logT ij ) = σ
and
where i = i ′ . Finally, the covariance between the word count and the logarithm of reading time is
Method of moments estimators are found by replacing the population moments in equations (5), (6) , (7), (8), (9) and (10) by their sample equivalents and then solving for the unknown parameters. This can sometimes be done in multiple ways, specifically when there are more moment equations than unknown parameters. Therefore, the estimators presented below are only one possible way of finding MOM estimators.
For the i th item, letȳ i and s
denote the sample mean and variance of observed counts y ij , calculated over the set of individuals with non-missing responses for the i th item, {j : i ∈ S j }.
Similarly, lett i and s
denote the sample mean and variance of the i th item's log-times t ij . Now, letρ i be the correlation coefficient that solves estimating equation
Subsequently, estimators of a i and b i are given bŷ
for i = 1, . . . , I. Now, let s t i ,t i ′ denote the sample covariance between the log-times of items i and i ′ , covariance calculated over the set {j : i, i ′ ∈ S j }, i.e., individuals for which both items i and i ′ are observed. An estimator of σ 2 τ is given bŷ
Subsequently, defineα
(15)
for i = 1, . . . , I. The estimator in (15) contains a finite-sample correction to ensure that α i ≥ 0 for all i. Note that this moment-estimator of α i can be infinite, but this doesn't pose a problem as Var(Y ij ) in (8) depends on the inverse of α i . Finally, let s y i ,t i denote the covariance between word count and the log-time for the i th item and definê
Equations (12) through (17) are the proposed MOM estimators of the model parameters. These MOM estimators have an advantage over the maximum likelihood estimators in that they are fast and easy to calculate. However, the MOM estimators are typically less efficient than the maximum likelihood estimators when compared using root mean square error (RMSE) as a criterion. This will be illustrated in the simulation study section of this paper.
Monte Carlo EM Algorithm
The EM algorithm, originally proposed by Dempster et al. (1977) , is a method of performing maximum likelihood estimation in the presence of missing and/or latent variables. The ORF model being considered in this paper can be placed squarely in the original mold for which the method was developed by treating the latent vectors ξ j as missing. The EM algorithm takes the log-likelihood function of the full data -observed variables (Y ij , T ij ) and unobserved variables ξ j -and then iterates between calculating the expected value of the log-likelihood function conditional on the observed random variables (E-step) and maximizing the function obtained in said step in terms of the model parameters (M-step). This iterative process is repeated until convergence of the model parameters is achieved. In this subsection, the two steps of the EM algorithm are formalized in the context of the ORF model. Furthermore, a Monte Carlo approach for the E-step is proposed, as closed form expressions are not available for the conditional expectations that need to be calculated. The complete data likelihood function is
which can also be written as
Let Ξ denote the collection of all model parameters and letΞ 0 denote some initial values for these parameters (possibly the MOM estimators from the previous subsection). LetΞ k denote the parameter estimates obtained after the k th iteration of the EM algorithm. Define the conditional expectation function
where the conditional expectation is evaluated treatingΞ k−1 as the true parameter values. Here, up to a constant of proportionality that does not depend on the parameter values,
and thus,
At each step of the EM algorithm, the conditional expectation terms in (18) are evaluated treatingΞ k−1 as the true parameter values and thereafter new maximizerΞ k is found. This iterative process is repeated until convergence of the algorithm is achieved.
For the ORF model under consideration, there are no closed form solutions for the conditional expectations in (18). However, it is possible to sample from the conditional distribution ξ j y j , t j , S j ,Ξ k−1 . This sampling algorithm is outlined in the appendix. This allows one to use the MCEM algorithm as described in Wei & Tanner (1990) . Let ξ
, the distribution of the latent vector ξ j conditional on the observed (non-missing) values (y j , t j ) and assuming true parameter valuesΞ k−1 . Define the Monte Carlo approximation to (18),
At each iteration of the MCEM algorithm, this function is maximized and thereafter the updated parameter estimates are used to generate a new sample to update the function Q. Due to the stochastic nature of the MCEM algorithm, Wei & Tanner (1990) propose selecting a small value M k for the first several iterations. After these iterations, the updated solution is typically in the part of the parameter space "close to" the maximum likelihood solution. Thereafter, a large value of M k ensures that the maximum ofQ is close to the maximum of Q.
Simulation Study
Several simulation studies were performed to compare the method of moments and Monte Carlo EM-based maximum likelihood estimators. The simulation study is motivated by the knowledge that the MOM estimators can be computed very quickly, while the MCEM estimators are time-consuming to compute. A representative example of one such simulation is presented here. This paper does not attempt to make a strict recommendation of one type of estimator over the other, but does illustrate the difference between the two methods in terms of RMSE.
For
was generated under a scenario with I = 4 items each consisting of N i = 25 words. These parameter specifications all correspond approximately to an average oral reading speed of 122.5 WPM and success rate of 98 WCPM. Data were generated with sample sizes n ∈ {40, 100, 250}. In Table 1 , the means and variances of the words correct counts Y (ℓ) ij and reading times (not log-scale) T (ℓ) ij are summarized for the two simulation scenarios ℓ = 1, 2. Model parameters can easily be recovered from these using the moment equations (5) through (8) and are therefore not presented separately. Note that the parameters were chosen so that the total number of words read correctly, i Y (ℓ) ij , and total reading time, i T (ℓ) ij , have, conditional on the latent traits, the same means and variances for both scenarios ℓ = 1, 2.
A total of 500 samples were simulated in this way. For each sample, the MOM and MCEM estimators were calculated. The MCEM algorithm consisted of K = 13 iterations where the first 10 iterations used M = 20 and the last three iterations used M = 200 Monte Carlo imputations. As the parameters (a i , b i , α i , β i ), i = 1, . . . , I were the same across all I items in the simulation specifications, the average standard error (ASE) and average root mean square error (ARMSE), found by calculating the average of the item-specific standard errors and root mean square errors, are reported in Tables 2 and 3 . The quantities are also scaled by n 1/2 , the asymptotic convergence rate of the parameters. Tables 2 and 3 reveal several interesting points. Firstly, note that ARMSE is only slightly larger than ASE. On average, for the MOM estimates, ARMSE represents approximately a 1% increase over ASE, while for the ML estimates, ARMSE represents about a 0.7% increase over ASE. This is strongly indicative that both the MOM and ML parameter estimates are nearly unbiased. Furthermore, with the exception of the precision parameters α i , ASE and ARMSE are relatively stable with respect to sample size. However, when the sample size is small, there is great uncertainty in estimating α i , as is evident from the large ASE and ARMSE values at n = 40. Here, the ML estimators of the precision parameters have substantially lower variability than the MOM estimators. For α i , there is between a 10% and 50% reduction in ARMSE when comparing MOM and MLE estimators. The effect is not as pronounced when considering the other parameters, with the ARMSE of both a i and b i decreasing, but that of β i slightly increasing when comparing the MOM and ML estimators.
Inspection of
Inspecting the performance of the two methods of estimation is interesting, but a more relevant question is the ability of the model to recover the latent traits of individuals. This was also investigated in the simulation study. For each simulated dataset, both the MOM and ML parameter estimates were used to estimate individual traitsθ j = E [θ j |Y j , T j ] and τ j = E [τ j |Y j , T j ] by taking M = 20 Monte Carlo draws from the conditional distribution and averaging these. In each instance, the correlation coefficients between the imputed latent variables and the known true values in the simulated data was computed. The average correlations across the 500 simulated datasets are reported in Tables 4 and 5 Tables 4 and 5 are very encouraging. Even at a small sample size of n = 40, the latent traits are recovered well as indicated by large average correlations. The model using I = 4 items with N = 25 words per item does a much better job of recovering latent traits than the model with only I = 2 items with N = 50 words each. This is interesting, since the means and variances of the two settings are the same conditional on the latent traits. Also note that for the parameter specifications used, reading accuracy ability θ is recovered with greater precision than reading speed ability τ . Overall, increasing the sample size results in a larger average correlation, and maximum likelihood performs better at the same sample size than method of moments does.
The results in
Data Analysis
The data analyzed in this section were part of the data collected from two public school districts in the Pacific Northwest region in the United States. The data consists n = 53 fourth graders, and measurements (Y j , logT j ) were obtained for I = 18 items at the sentence level. Sentences vary in length, being as short as just four words and as long as nineteen words. The average proportion of words read correctly for these items is in the range 0.828 to 0.957. For each item, there are a few missing values. This indicates that a specific student did not read a paragraph which contained said items. The item-specific missingness rate ranges from 0.094 to 0.151. For a given item, a few missing values are not a problem, but there are only 35 complete data cases (approximately 66% of the sample). With an assumption that values are missing completely at random, the MCEM algorithm adjusting for missing values will be used. Table 6 provides a summary of the data, listing the number of words in each item, the observed sample means and standard deviations calculated by ignoring missing values, as well as the means and standard deviations implied by the model after implementing the MCEM algorithm. The model-implied moments are a one-to-one transformation of the estimated model parameters along with variance estimateσ 2 τ = 0.0469. The estimated correlation between the two latent variables isρ = −0.037. The tabulated model-implied moments conform closely to the sample moments shown and and are suggestive that the model has a large amount of agreement with the data. There is presently no formal goodness-of-fit test for this setting and is a future avenue of research.
Also presented in this section is an assessment of the predictive power of this model. To mimic the idea of out-of-sample predictive ability, the analysis was done as follows. LetΞ denote the maximum likelihood estimators of the model parameters. Let y (−i)j and t (−i)j denote the count and log-time vectors for the j th individual with the i th item removed.
are therefore estimates of the latent traits obtained without using information from the i
is the best predictor without any information on the latent factor, andŶ
(1) ij is the predictor using the latent factor estimated without using information from the i th item. Similarly, noting that
Define the root square prediction error, RSP E
for k = 0, 1. These values are reported in Table   7 . In general, the RSPE values in Table 7 indicate that the latent factors have strong predictive power. When considering the relative decrease in RSPE, RSP E (0) − RSP E (1) /RSP E (0) , these values range between 0.097 and 0.454 for the count data, with an average reduction in RSPE of about 24%. For the time data, the values range between 0.122 and 0.507, with an average reduction in RSPE of about 30%.
Conclusion
A latent joint model to measure oral reading speed and accuracy was proposed in this paper and a Monte Carlo EM algorithm to estimate the model parameters was derived. Overall, it was demonstrated that model parameters were estimated well. Simulation studies demonstrated reasonable recovery of model parameters. Also, data analysis demonstrated the latent factors had excellent predictive power. However, the quality of estimated speed factor scores as reporting oral reading speed is still unknown. Therefore, future research to investigate the characteristics of estimated speed factor scores is warranted. 
Appendix
Derivation of Some Model Moments
The derivation of the moments for the ORF model outlined in this paper relies on two important results concerning the normal distribution. The first of these two results is given here before the derivation the moments of Y ij , while the second result is presented before the derivation of the covariance between Y ij and logT ij is shown. Result 1: Let Z be standard normal random variable and let a > 0 and b be real numbers. It is then true that
where Φ(·) denotes the standard normal cdf and Φ 2 (·, ·|ρ) denotes the bivariate normal cdf with zero means, unit variances and correlation ρ.
Proof: Let Z 1 , Z 2 and Z 3 be iid standard normal random variables. Then,
where the second line follows from noting that a linear combination of independent normal variables is again normal. Also,
where the last equality follows upon noting that the pair (Z 2 − aZ 1 , Z 3 − aZ 1 ) is bivariate normal with correlation ρ = a 2 /(1 + a 2 ).
For random variable Y ij , we have by application of the tower property of expectation,
and similarly,
from which
The result required for calculation of the covariance between Y ij and logT ij is now presented.
Result 2: Let Z be standard normal random variable and let a > 0 and b be real numbers. It is then true that
where φ(·) denotes the standard normal pdf. Proof: The first equality relies on the result E [ZI(Z ≥ x)] = φ(x) as well as application of the tower property. The second equality follows from some tedious but straightforward algebra.
In evaluating the covariance, consider
where the second-to-last equality makes use of the fact that θ j has the same distribution as
where Z j is a standard normal random variable and is independent of θ j . It then follows from application of Result 2 that the covariance is given by
Sampling Algorithm for MCEM Implementation
For the j th individual, the joint distribution for the vectors of non-missing counts and logtimes, Y j and T j conditional on the latent variables θ j and τ j is
while the latent traits have distribution
The unconditional distribution of [Y j , logT j ] involves a double integral and is therefore impractical for direct use, it is possible to integrate out the latent component τ j ,
where A j = i∈S j α i . One can therefore use rejection sampling scheme to draw samples from [θ j |Y j , T j , S j ]. Let f * (θ j ) denote the right-hand side of (20) and define
Note that g * (θ j ) is the kernel of a Gaussian distribution with mean
and variance
Noting that f * (θ) ≤ g * (θ) for all θ and defining
Therefore, one can implement rejection sampling in the following way: Generate a normal random number R with mean µ g as in (21) and variance σ 
setθ j = R, otherwise repeat. Here,θ j represents a random draw from the distribution of [θ|Y , logT ].
Next, it is easy to verify that the distribution of [τ |θ, Y , logT ] is normal with mean
and variance σ
Therefore, after using rejection sampling to sampleθ, the corresponding valueτ can be sampled by pluggingθ into equations (23) Item RSP E
RSP E
RSP E 
